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Abstract—This paper presents the implementation of an opti-
mal fractional-order Butterworth filter (FBF) using the RLβCα,
where 0 < α, β < 1, series circuit. Improved Particle Swarm
Optimization algorithm is used to determine the coefficients of
three s-domain based fractional-order transfer functions that
approximate the FBF characteristics, such that the condition of
0 dB gain at DC is satisfied. Stability, roll-off, accuracy, and
algorithm convergence for the proposed FBFs are evaluated. The
proposed designs achieve significantly lower error as compared
to the recent literature. The Bruton transformation, generalized
to the fractional domain, is employed to realize inductor-less FBF
circuits. Simulations are carried out in OrCAD PSPICE to verify
the design feasibility.

Index Terms—fractional Bruton transformation, fractional
order Butterworth filter, fractional order circuits, generalized
impedance converter, improved particle swarm optimization

I. INTRODUCTION

Fractional calculus is concerned with employing non-integer
order differential and integral operators, and may be regarded
as a super-set of the classical/traditional calculus [1], [2].
Several definitions of a fractional derivative, such as the
Grünwald-Letnikov, Riemann-Liouville, etc., exist in the liter-
ature. For example, the Grünwald-Letnikov derivative of order
α, where 0 < α < 1, for a function f(t), is defined by (1)
[1].

Dα
t f(t) := lim

h→0

1

hα

∞∑
j=0

(−1)j
(

α
j

)
f(t− jh) (1)

where
(

α
j

)
= Γ(α+1)

Γ(j+1)Γ(α−j+1) correspond to the binomial

coefficients; Γ(·) denotes the gamma function. The Laplace
transform of (1), subject to zero initial conditions, is given by
(2). ∫ ∞

0

e−stDα
t f(t)dt = sαF (s) (2)

where sα is called the fractional Laplacian operator.
The concepts of fractional calculus, when applied to circuit

theory, have led to the formulation of generalized defini-
tions for the traditional circuit elements [3]. For example,
the impedance of the traditional integer-order capacitor and
inductor is 1/(sC) and sL, respectively. However, a fractional
capacitor of order α and a fractional inductor of order β,
where 0 < α, β < 1, are characterized by impedances of

Fig. 1. RLβCα series circuit acting as a low pass filter.

1/(sαCα) and sβLβ , respectively. The pseudo-capacitance Cα

and pseudo-inductance Lβ are expressed in units of Farad per
second1−α (F/sec1−α) and Henry per second1−β (H/sec1−β),
respectively [4], [5].

A series RLC circuit can exhibit low pass filter character-
istics when the response is considered across the capacitor.
Note that there are three free parameters (R, L, and C) for
such a circuit. In contrast, an RLβCα series circuit provides
better flexibility in tuning the filter characteristics, since, two
additional parameters (α and β) are also now available [6],
[7]. An RLβCα series circuit is shown in Fig. 1. The transfer
function for the low pass filter circuit presented in Fig. 1 is
given by (3).

Vout(s)

Vin(s)
= T (s) =

1

LβCαsα+β +RCαsα + 1
(3)

The model represented in (3) exhibits: (i) DC gain of 1
(0 dB), (ii) high frequency gain of 0, and (iii) stopband
attenuation of −20(α+ β) decibel per decade (dB/dec).

A traditional Butterworth filter of order n (n ∈ Z+) yields
−20n dB/dec attenuation in the stopband [8]. A fractional-
order Butterworth filter (FBF) of order (n + α), where α ∈
(0, 1), can theoretically achieve a roll-off of −20(n + α)
dB/dec [9]. Integer-order approximations of FBFs have been
carried out using substitution [10] or optimization methods
[11]. The design and implementation of the FO transitional
Butterworth-Butterworth filter was also recently reported [12].
Various methods were reported to model the analog FBFs
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