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ABSTRACT
Stiffness properties of structural members, such as beam, plate and shell, can change drastically 
in the presence of axial forces due to geometric effects of the nonlinear strain components. In 
this paper, the stability behaviour of beam-column is investigated using the governing differ-
ential equation and compared with the geometrically nonlinear finite element analysis. The 
lateral deflection obtained from the theoretical model matches quite accurately with the 
numerical values for wide range of axial to critical load ratio P/Pcr. It is shown that bending 
stiffness decreases linearly with the axial load. By extending the theory, an expression for the 
membrane stiffness of the beam-column is presented in this paper. The geometrically non-
linear finite element analysis can capture exactly the parabolic variation of the membrane 
stiffness as per the derived expression. It increases initially up to P/Pcr = 0.35 and decreases 
rapidly to negligible value near the critical load indicating buckling instability.
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1. Introduction

Impressive advances in the computational mechanics, 
material science and manufacturing processes allow 
structures to be designed closer to the limit of their 
load-carrying capacity. This leads to very slender and 
flexible structures whose behaviour becomes increas-
ingly nonlinear with the applied load. The stability 
analysis of flexible structures is an interesting problem 
with practical implications.

In the classic work of Timoshenko and Gere (1961), 
the differential equations governing the bending 
deformation of beam-columns are presented and 
solved theoretically for few special cases. Barsoum 
and Gallagher (1970) formulated a finite element for 
non-uniform beams for torsional and torsional-flex-
ural stability problems. As there could be many com-
plex load combinations that may produce buckling in 
3D beams, the behaviour of 3D beam-column is much 
more complex than 2D beam-column model. Chen 
and Atsuta (2008) derived the coupled differential 
equations that govern the behaviour of 3D beam-col-
umns under biaxial bending and axial compression. 
Spillers and Rashidi (1997) described a computer pro-
gram to generate the member stiffness matrix for 
geometrically nonlinear space frames using the equa-
tions of 3D beam-columns without cross-sectional 
warping. MacBain, Saadeghvaziri, and Spillers (1999) 
presented interaction curves that emphasised the phe-
nomena of softening and hardening of the member 
stiffness due to initial prestress by solving the coupled 
differential equations using power series. Levy and Gal 
(2002) reformulated the basic four coupled differential 

equations governing the behaviour of 3D beam-col-
umns to include varying cross-sections and solved 
them using the finite difference method.

Aristizabal-Ochoa (2004) used the method of elas-
tica and elliptical functions in the large deflection 
stability analysis of slender beam-columns with rigid, 
semi-rigid and simple connections under combination 
of end loads. The drawback of elastica approach is that 
only flexural strains are considered and the effects of 
axial and shear strains are neglected. Therefore, the 
method gives closed-form exact solution for small to 
large curvature and transverse and longitudinal dis-
placements for plane beam-columns under bending 
action only. Aristizabal-Ochoa (2008) proposed a 
new set of slope-deflection equations for 
Timoshenko beam-columns with semi-rigid connec-
tions by combining the effects of shear and bending 
deformations and including the effects of shear strains 
due to the applied axial force using Haringx’s model. It 
is pointed out by Blaauwendraad (2008) that Haringx 
theory yields a wrong limit value for shear-weak 
beam-columns though it is reliable for helical springs. 
Based on the solutions of the governing differential 
equations for three different cases, it is suggested by 
Blaauwendraad (2010) that the stability of structural 
members should be investigated on the basis of 
Engesser theory and Haringx theory should be 
avoided.

Due to applied loads, all structures deform; how-
ever, deformations are generally small and their effect 
on the overall geometry of the structure can be 
neglected. Under such condition, the equilibrium 
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